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ABSTRACT: The hydrodynamic model treatments of the zero-shear viscosity η and the self-diffusion
coefficient Ds of polymers in nondilute solution are shown to be self-consistent. Hydrodynamic models
for polymer dynamics in nondilute solution postulate that interchain hydrodynamic interactions dominate
other interchain forces. These models predict concentration dependences of η, Ds, and other transport
coefficients. Previously published predictions of η and Ds include a single hitherto-undetermined physical
parameter, whose value is here obtained from the concentration dependence of η. When this parameter
is supplied to the self-diffusion calculation, the concentration dependence of Ds is entirely determined
with no adjustable parameters. Comparison is made with the literature. The model prediction for Ds is
in excellent agreement with data on solutions of linear and three-armed star polymers covering a full
range of polymer concentrations and homologous polymers spanning nearly 4 orders of magnitude in
polymer molecular weight.

Introduction

For dilute polymer solutions, theoretical treatments
based on the Kirkwood-Riseman1 model give a general
description of transport behavior. Fujita2 has enumer-
ated issues for which the current theory of dilute
polymer solutions remains in need of improvement. In
nondilute solutions, interchain polymer-polymer inter-
actions are significant and polymer transport coef-
ficients depend on concentration. A variety of very
different models3 predict these concentration depend-
ences. The models differ both in the predicted math-
ematical forms for the concentration dependences of the
transport coefficients and also in their assumptions as
to the predominant forces between polymers in solution.
A complete treatment of polymer dynamics in nondilute
solution remains a significant theoretical challenge.

Models for polymer dynamics in nondilute solution
may be categorized by their treatment of fundamental
forces in solution. A useful categorization is as follows:

(i) Models in which the dominant forces are solvent-
mediated hydrodynamic interactions.4,5

(ii) Models in which the dominant forces are excluded-
volume effects that prevent chains from interpenetrat-
ing.6,7

(iii) Models in which the properties of some subunits
depend on polymer concentration, such as heavy-bead3

and cryptocrystallite8 models.
(iv) Models of nondilute solutions that refer to general

properties of collective systems without invoking me-
chanical details, such as the Ngai coupling model.9

It should be emphasized that these models are not
all mutually inconsistent. For example, the Ngai cou-
pling picture does not embody a specific underlying
dynamics. It might describe systems in which chain
crossing constraints dominate or systems in which
hydrodynamic forces dominate. If bead properties de-

pend on concentration, that dependence could arise
from, e.g., hydrodynamic interactions or from chain-
crossing constraints.

In some models, the dominance of some forces over
others only occurs in certain concentration ranges.
Hydrodynamic and excluded-volume forces exist in
almost all solutions: So long as there is solvent, there
will be some solvent- mediated (hydrodynamic) interac-
tions. Chains cannot interpenetrate at any concentra-
tion. How, then, might one force or the other dominate?

Hydrodynamic interactions have no thermodynamic
consequences: chains may approach each other whether
there are hydrodynamic interactions or not. Nearby
chains only attempt to interpenetrate if their Brownian
displacements are not the same. In the hydrodynamic
models, short-range hydrodynamic interactions cause
Brownian displacements of nearby chains to become
very highly correlated. Such correlations suppress dy-
namic but not static effects of excluded volume forces;
by this mechanism, hydrodynamic effects might sup-
press entanglement constraints.

In many entanglement models, hydrodynamic inter-
actions are often neglected because they are said to be
screened. That is, it is proposed7 that the totality of
many-body hydrodynamic interactions replaces the long
range (1/r) Oseen tensor with a short-range (exp(-κr)/
r) screened hydrodynamic interaction. At large dis-
tances, hydrodynamic interactions can then be ne-
glected. Rationales for screening include resummations
of long-range interaction tensors or appeals by analogy
with Debye screening to a proposal that long-range
forces are screened in statistical mechanics.

Extensive resummations of hydrodynamic interac-
tions have been made by Altenberger et al.,10 Freed and
Perico,11 and Beenakker et al.12 Altenberger and col-
laborators demonstrate that hydrodynamic screening
arises for moving particles in the presence of fixed
obstacles but that screening does not arise in systems
containing steady flows and mobile macroparticles.10

Freed and Perico11 similarly conclude that hydrody-
namic flows through polymer solutions are not screened
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when chains do not encounter topological constraints.
Similarly, Beenakker and Mazur12 resummed the long-
est-range (ring) diagrams for interacting spheres in
solution, showing that resummation renormalizes the
strength of the hydrodynamic interactions but does not
lead to screening; the long-range nature of the mobility
tensor is unchanged. While numerical coefficients differ
between spheres and polymer coils, the range and
directional dependences of the sphere-sphere and
polymer-polymer hydrodynamic interactions are the
same, so Beenakker’s calculations refer equally well to
polymer solutions.

Analogies between hydrodynamics and other long-
range forces are sometimes proposed to lead to an
expectation of hydrodynamic screening. However, there
are two long-range forces, namely electrostatics and
gravity. Newtonian gravity is not screened on any
distance scale. Electrostatic forces are only screened in
electroneutral systems. Supposed analogies between
hydrodynamics and other long-range forces thus does
not lead to an automatic conclusion that hydrodynamic
interactions are screened.

In addition to differences in assumptions as to the
dominant forces, models vary as to the mathematical
form for the concentration dependence of transport
coefficients. Some forms are assumed directly; other
forms are implicit in the mathematical structure. Three
important categories of form are as follows:

(i) In particular, at lower concentrations, a common
assertion13 is that transport coefficients have pseudovir-
ial expansions with coefficients given by cluster-integral
averages14. For example, for neutral polymers the
viscosity is formally expanded

Here ηo, [η], and kH are the solvent viscosity, the
intrinsic viscosity, and the Huggins constant, respec-
tively. A demonstration of series convergence is usually
omitted. Interactions between chains include long-range
parts, so convergence is not necessarily trivial.

(ii) In some models, polymer transport coefficients are
taken to have power-law behavior; i.e., they are taken
to depend on polymer molecular weight M and concen-
tration c as

for the self-diffusion coefficient, with γ and x being
scaling exponents. For polymer melts, derivations lead-
ing to power-law behavior and a numerical value for γ
have been given6. More commonly, power-law behavior
is assumed, with theoretical efforts focusing on obtain-
ing the postulated scaling exponents.

(iii) In yet other models,4,17 polymer transport coef-
ficients are taken to follow a stretched exponential

in polymer concentration, the form being for the self-
diffusion coefficient with Do ) limcf0 Ds. Here ν is a
scaling exponent, and Do and R are scaling prefactors.
Derivations of this form for particular values of ν based
on effective-medium arguments17 or on renormalization-
group methods4 have been given. The renormalization
group model4 includes physical interpretations for R and

ν with predictions for ν and for the molecular weight
dependence of R.

For nondilute solutions, there is not uniform agree-
ment as to the nature of polymer dynamics in solution.
The objective of this paper is to examine the internal
consistency of calculations within the hydrodynamic
model and not to debate the relative merits of the
hydrodynamic, reptation, cryptocrystallite, or other
models of polymer solution dynamics. One however
notes that Lodge et al.15 observe “...only extremely high-
molecular-weight polystyrenes would be sufficiently
entangled in semidilute solutions to be constrained to
reptate.... This rough calculation suggests that it is very
unlikely that reptation is significant for linear polymers
in the semidilute regime...” and concludes “As argued
in the text, it is unlikely that reptation is significant in
the semidilute regime, whereas in entangled melts it is
often the dominant mode.” In these remarks, Lodge is
referring to a semidilute regime that is “overlapping”
yet “unentangled”, and offers quantitative reasoning
indicating that most polymer solution data in the
literature refers to this regime.

Contrariwise, it is sometimes proposed that the
semidilute regime should be defined as the regime in
which entanglements and reptation dominate, making
the success of the reptation model for semidilute solu-
tions a tautalogy. However, Lodge et al.’s review implies
that this definition of “semidilute” excludes most though
not all polymer solutions that have been studied ex-
perimentally.

This author has presented4,5 a series of calculations
of the concentration dependence of polymer solution
transport coefficients. In the 1998 paper,4 polymer self-
diffusion was treated; in the 2002 paper,5 a general
approach to calculating the low-shear viscosity of non-
dilute polymer solutions is given. In each paper, hydro-
dynamic interaction tensors describing forces between
a series of polymer chains are obtained. Ensemble
averages over these tensors then lead to pseudovirial
series such as that seen in eq 1.

For the self-diffusion calculation,4 where the first
three terms of the concentration expansion were found,
the Altenberger-Dahler16 positive function renormal-
ization group (PFRG) method was used to extrapolate
the series expansion to elevated polymer concentrations.
This extrapolation yields eq 3 with explicit forms and
phsyical interpretations for R and ν. Only the long-range
part of the hydrodynamic interaction tensors was avail-
able, so numerical evaluation of ref 4’s expression for R
required supplying a short-range cutoff length aD. This
length could not readily be calculated, but the molecular
weight dependence of R was obtained. More recently, a
corresponding calculation of η(c) has been performed,5
leading to an expression for the Huggins coefficient kH
that includes a corresponding length aη. Because kH is
known experimentally, the viscosity calculation deter-
mines aη.

This paper examines if the calculations of η and Ds
are consistent. The following section of the paper
describes the calculations of η(c) and the resulting value
for aη. A subsequent part of the calculation describes
the calculation of Ds in terms of the radius of gyration
Rg, the hydrodynamic radius Rh, and a cutoff length aD.
The lengths Rg and Rh follow from static light scattering
and photon correlation spectoscopy, respectively; the
length aη is obtained with viscometry experiments. The

η(c) ) ηo(1 + [η]c + kH([η]c)2 + ...) (1)

Ds(c),∼ Mγc-x (2)

Ds(c) ) Doexp(-Rcν) (3)
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final section combines these results to compute R and
compare with the literature.

Viscosity
As presented in ref 5, in the hydrodynamic model the

viscosity is obtained by considering a solution of polymer
molecules subjected to an imposed shearing flow. As
consequences of the applied shear, the polymers trans-
late, rotate, and exert hydrodynamic forces on each
other. Energy is dissipated because polymer beads move
with respect to the solvent, the dissipation rate being

Here the sum is over the N beads on each of Nc chains,
fij is a bead drag coefficient, vij is the velocity of bead i
of chain j, and uij is the velocity that the fluid would
have had at the location of bead i of chain j if that one
bead were absent.

The solvent flow at uij(r) includes the initial shear
field at the location r of bead i of chain j. When the
initial shear field acts on a chain, that chain is induced
to translate and rotate. The velocity of its individual
beads cannot in general match the solvent velocity at
every point, so the polymer through its motions with
respect to the solvent exerts forces on the solvent. The
forces induce additional “scattered” flows in the solvent,
flows that are rescattered by other polymer chains ad
infinitum. All flows scattered by chains, pairs of chains,
..., etc., terminating in an induced flow at r are included
in uij, except that the flow induced by a bead does not
directly act on the bead that created it.

The actual calculation of u follows from (i) division
of bead motions into whole-body translation, chain
rotation, and chain internal modes describing bead
motions relative to whole-body motion, (ii) identification
of fij(uij - vij) as the force on bead ij, (iii) the small-
inertia approximation that the total force and total
torque on each chain both approximately vanish, this
approximation determining the chain whole-body mo-
tion, (iv) computation of solvent flows induced by each
chain’s low-frequency motions with respect to the sol-
vent motions, (v) Taylor-series expansions of expressions
for the induced flows in powers of the distances between
beads and chain centers of mass, and (vi) ensemble
averages over possible chain conformations. This cal-
culation is described in ref 5.

The viscosity is obtained from eq 4 by substituting
for the solvent and bead velocities, collecting terms that
involve the same number of scattering events or number
of distinct chains, and comparing with the power
dissipation per unit volume written as

in terms of the shear ∂Vy/∂x.
The hydrodynamic approach to computing P is subject

to three mathematical challenges. The first two chal-
lenges arise from the long- and short-range behaviors
of the hydrodynamic interactions. The third challenge
is the relationship between the velocity shear implicit
in eq 6, below, and the shear appearing in eq 5. First,
at long range the hydrodynamic interaction tensors for
the induced flows and induced bead velocities depend
on interchain distances as r-2 or r-3, potentially leading

to difficulties with the convergence at long range of
ensemble averages over chain positions. This conver-
gence issue was first noted by Saito18. In ref 5, the
convergence issue is removed by using a sinusoidal-
imposed velocity field

the long-wavelength k f 0 limit finally being taken at
constant kuo. A sinusoidal applied shear leads to
properly convergent integrals for P, even in the long-
wavelength limit, without creating any need to take into
account the applied forces at the boundaries of the
system.

Second, the series expansions used in ref 5 to compute
the scattered flow fields and the induced translational
and rotational velocities are not entirely appropriate at
small interchain distances. Chains can interpenetrate.
When two chains are more-or-less entirely interpen-
etrated, strong short-range hydrodynamic interactions
not included in the published calculation should bring
the velocity of the second chain into approximate
agreement with the velocity of the first chain and its
entrained solvent, causing two interpenetrated chains
to move at approximately the same velocity. The second
chain’s contribution to the frictional dissipation and the
scattered hydrodynamic flow field is thereby greatly
reduced when the two chains are overlapped, This
reduction was incorporated into the approximate cal-
culation of ref 5 by supplying a nominal short-range
cutoff aη. No cutoff of this sort is required to compute
the intrinsic viscosity, because only one chain is in-
volved.

Third, in interpreting eq 5, the shear rate ∂Vy/∂x is
the phenomenological shear rate. This rate includes not
only the imposed shear field of eq 6 but also the shear
due to all scattered flow fields. The various shears must
be totalled to determine ∂Vy/∂x.

As shown in ref 5, on combining the above consider-
ations, one finds

for the intrinsic viscosity. For the Huggins coefficient,
the same approach gives5

Experimentally,19 kH ≈ 0.3 - 0.6. Identifying [η]t with
the measured [η] ≈ 2.5vj and vj ) 4πRg

3/3, one finds

The actual aη is not very sensitive to which value of kH
is inserted into eq 8.

Self-Diffusion Coefficient
The hydrodynamic model has also been used to

calculate the concentration dependence of the self-
diffusion coefficient of polymers in solution.4 In this
calculation, a single moving polymer chain in an initially
stationary liquid is viewed as creating a flow field in
the fluid. The flow field is scattered and re-scattered
by the other chains, just as in the viscosity problem the

P ) 〈∑
j)1

Nc

∑
i)1

N

fij(vij - uij)
2〉 (4)

P ) η(c)(∂Vy

∂x )2

, (5)

u(0) ) uosin(kx)ĵ (6)

[η]t )
13FoS

2

30ηo
(7)

kH ) 88 - 240π - 384π2

169
+

225[η]t

4394πaη
3

(8)

aη ≈ 0.18Rg (9)
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applied shear field is scattered and rescattered. In the
self-diffusion problem, the scattered field finally acts
back on the initial chain. On the average, the backscat-
tered flow field retards the motion of the first chain.
This multiple scattering model leads to a series expan-
sion for the hydrodynamic interactions between two,
three, ..., etc. polymer chains.

Ensemble averages over the resulting hydrodynamic
interaction tensors result in a pseudovirial expansion
for Ds. One obtains

with RD given by

At the level of approximation of ref 4, â is quite small,
so on extending the series to elevated concentrations
the Altenberger-Dahler positive function renormaliza-
tion group method16 gives

Rh and Rg are the chain hydrodynamic radius and
mean-square radius of gyration, NA is Avogadro’s num-
ber, M is the chain molecular weight, and aD is a short-
range cutoff distance reasonably expected to be approxi-
mately equal to aη. The concentration c is scaled to unit
reference concentration relative to the scaling law
Rg

2∼c-x for the concentration dependence of the radius
of gyration.

For 1.27 MDa polystyrene in benzene, measurements
of Adam and Delsanti20 give Rg ≈ 62 nm and Rh ≈ 38
nm. From the above, aη ≈ 0.18Rg. Identifying aη with
aD, one finds RD ) 0.56 for solutions of 1.27 MDa
polystyrene. Noting Rg/aD is reasonably expected to be
relatively independent of M, RD should depend on
polymer molecular weight as R3/M ∼ M0.8.

Experimental Test of Model Prediction
To determine RD, a systematic analysis was made21

of virtually the entirety of the published literature on
self-diffusion by random-coil linear chains and three-
armed star polymers, including experiments using
pulsed-field gradient nuclear magnetic resonance, opti-
cally tagged polymers, forced Rayleigh scattering, and
fluorescence recovery after photobleaching. For each
polymer:solvent combination and polymer molecular
weight, nonlinear least-squares methods were used to
fit the experimental Ds(c) measurements to eq 3. In
every case, the concentration dependence of Ds was
described well by a stretched exponential.

As a practical matter, to obtain reasonably accurate
fits to eq 3, one must have the conditions that Ds varies
over a substantial range, that it was measured ad-
equately accurately, and that it was measured at
concentrations sufficiently low that Ds(c) ≈ Do. A small
number of data sets that did not meet all of these
criteria, usually because they only include data at
elevated concentrations, are excluded here from further
consideration. In addition, a few series of measurements
are repeated in subsequent papers by the same core
authors, as parts of more extensive series of measure-
ments. Such data are included in the following only
once.

These determinations of R from the literature22-29

appear in Figure 1. Figure 1 represents polymers with
molecular weights in the range 2 to 1 × 104 kDa.
Polymer concentrations in individual series of measure-
ments often extended out to several hundred grams per
liter. The solid line in Figure 1 represents the prediction
of the previous sections for RD. The numerical prediction

D ) Do(1 + RDc + âc2 + O(c3) (10)

RD ) - 9
16

Rh
2

RgaD

4πRg
3

3
NA

M
(11)

Ds(c) ) Doexp(-RDcν) (12)
Figure 1. Line giving the hydrodynamic model prediction for
RD, eq 3, based on eq 11, literature values for Rg and Rh,20 and
a lower cutoff length aD determined from a hydrodynamic
model for the viscosity5 and known values for the Huggins
constant. Points represent fits of eq 3 to the experimental
literature on polymer self-diffusion, including (b) polystyrene:
CCl4,22,23,24 (3) polystyrene:C6D6,22,23,24 (O) polystyrene:cyclo-
pentane,25 (0) poly(dimethylsiloxane):toluene,26,27 (4) polysty-
rene:benzene,28 (+) three-armed polybutadiene:CCl4,30 (x)
poly(ethylene oxide):water,31 (g) polybutadiene:CCl4,30 (×)
three-armed polybutadiene:CCl4,30 (() xanthan:water,32 and (2)
polyisoprene:CCl4.29

Figure 2. Range of quantitative validity of the hydrodynamic
model for polymer self-diffusion. Each point represents the
largest polymer concentration at which a polymer of specified
molecular weight was studied in one of refs 22-32, leading to
a point in Figure 1. Symbols are as in Figure 1.
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RD ) 0.56 for 1.27 MDa polystyrene in benzene was used
to fix an intercept. The dependence RD ∼ R3/M ∼ M0.8

was used to extrapolate this prediction to other molec-
ular weights.

There are no free parameters in the solid line. Within
the approximations noted above and in refs 4 and 5,
there is no way to change either the slope of the line or
its vertical position in the graph. From Figure 1, within
the scatter in measurements of RD there is excellent
agreement between the predicted value of RD and
experiment.

Figure 2 shows the range of polymer concentrations
and molecular weights for which this agreement has
been found. Points in the figure indicatesfor each
molecular weight of each polymer studiedsthe highest
concentration at which Ds(c) was observed. In almost
all cases, the concentration cutoffs are in the original
experimental papers, with no indication that the pre-
dicted behavior did not continue to larger polymer
concentrations.

The hydrodynamic model treatments of viscosity5 and
self- diffusion4 are thus shown to be mutually consistent
and to agree with experiment. The hydrodynamic model
treatment of polymer self-diffusion and a parameter
obtained from viscosity measurements predict quanti-
tatively the parameter R that determines the concentra-
tion dependence of Ds. Good agreement is found between
this prediction and the published experimental litera-
ture on self-diffusion by linear and three-armed star
polymers.
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